We establish a unified view of polygamy of multi-qubit entanglement. We first introduce a twoparameter generalization of entanglement of assistance namely unified entanglement of assistance for bipartite quantum states, and provide an analytic lowerbound in two-qubit systems. We show a broad class of polygamy inequalities of multi-qubit entanglement in terms of unified entanglement of assistance that encapsulates all known multi-qubit polygamy inequalities as special cases. We further show that this class of polygamy inequalities can be improved into tighter inequalities for three-qubit systems.
I. INTRODUCTION
As a quantum correlation among different systems, quantum entanglement shows an essential difference from classical correlations. If a pair of parties in a multi-party quantum system are maximally entangled then they cannot share any entanglement [1, 2] nor classical correlations [3] with the rest of the system. This restricted shareability of entanglement in multi-party quantum systems is known as monogamy of entanglement (MoE) [4] ; more entanglement shared between two parties necessarily implies less entanglement shared with the rest of the system. Furthermore, shared entanglement between two parties even limits the amount of classical correlation that can be shared with the other parties.
MoE plays a crucial role in many quantum information processing tasks. In quantum key-distribution protocols, the possible amount of information an eavesdropper could obtain about the secret key can be restricted by MoE, which is the fundamental concept of security proof. MoE also plays an important role in condensedmatter physics such as the N -representability problem for fermions [5] .
The first characterization of MoE was proposed as an inequality in three-qubit systems [1] using concurrence [6] to quantify shared bipartite entanglement. Later, monogamy inequality was generalized into multiqubit systems in terms of various entanglement measures [2, [7] [8] [9] , and also some cases of higher-dimensional quantum systems rather than qubits [10] .
Whereas, monogamy inequality is about the restricted shareability of multipartite entanglement, the dual concept of the sharable entanglement, namely distributed entanglement, is known to have a polygamous property in multipartite quantum systems. A mathematical characterization for the polygamy of entanglement was first provided for multi-qubit systems [11] using concurrence of assistance (CoA) [12] to quantify the distributed bipartite entanglement. Recently, a broad class of polygamy * Electronic address: freddie1@suwon.ac.kr inequalities for multi-qubit systems was proposed [8] , and a polygamy inequality in tripartite quantum systems of arbitrary dimension was also shown using entanglement of assistance (EoA) [13] .
Here, we provide a unified view of these polygamy inequalities of multi-qubit entanglement. We first introduce a two-parameter generalization of EoA namely unified entanglement of assistance (UEoA) for bipartite quantum states, and provide an analytic lower bound for UEoA in two-qubit systems. By investigating the functional relation between UEoA and concurrence, we establish a two-parameter class of polygamy inequalities of multi-qubit entanglement in terms of UEoA. This new class of polygamy inequalities reduces to every known multi-qubit polygamy inequalities as special cases, therefore our new class of polygamy inequalities also provides an interpolation among various polygamy inequalities of multi-qubit entanglement. We further show that our polygamy inequality can be improved into a tighter inequality for three-qubit pure states. This paper is organized as follows. In Section II A, we define UEoA for bipartite quantum states, and discuss its relation with CoA, EoA, and Tsallis entanglement of assistance (TEoA). In Section II B, we provide an analytic lower bound of UEoA in two-qubit systems. In Section III, we derive a class of polygamy inequalities of multi-qubit entanglement in terms of UEoA, and summarize our results in Section IV.
II. UNIFIED ENTANGLEMENT AND UNIFIED
ENTANGLEMENT OF ASSISTANCE
A. Definition
Let us first recall the definition of unified entropy for quantum states [14, 15] . For q, s ≥ 0 such that q = 1, s = 0, unified-(q, s) entropy of a quantum state ρ is
Unified-(q, s) entropy has singularities at q = 1 or s = 0, however it converges to von Neumann entropy as q tends to 1;
and Rényi-q entropy [16, 17] as s tends to 0,
For this reason, we can consider unified-(q, s) entropy as von Neumann entropy or Rényi-q entropy when q = 1 or s = 0 respectively; for any quantum state ρ we just denote S 1,s (ρ) = S(ρ) and S q,0 (ρ) = R q (ρ). We also note that unified-(q, s) entropy converges to Tsallis-q entropy [18] when s tends to 1,
For a bipartite pure state |ψ AB and each q, s ≥ 0, its unified-(q, s) entanglement [9] is defined as
where ρ A = tr B |ψ AB ψ| is the reduced density matrix of |ψ AB onto subsystem A. For a mixed state ρ AB , its unified-(q, s) entanglement is
where the minimum is taken over all possible pure state decompositions of ρ AB = i p i |ψ i AB ψ i |.
Due to the continuity of unified-(q, s) entropy with respect to q and s, unified-(q, s) entanglement in Eq. (6) converges to the entanglement of formation (EoF) as q tends to 1,
where E f (ρ AB ) is EoF of ρ AB defined as
with tr B |ψ
A and the minimization being taken over all possible pure state decompositions of ρ AB = i p i |ψ i AB ψ i |. When s tends to 0, unified-(q, s) entanglement reduces to a one-parameter class of entanglement measures namely Rényi-q entanglement [7] lim s→0 E q,s (ρ AB ) = R q (ρ AB ) .
Unified-(q, s) entanglement also reduces to another oneparameter class called Tsallis-q entanglement [8] as s tends to 1,
In other words, unified-(q, s) entanglement is a twoparameter generalization of EoF including the classes of Rényi and Tsallis entanglement as special cases. As a dual concept of EoF, EoA of a bipartite mixed state ρ AB is defined as [19] 
where the maximum is taken over all possible pure state decompositions of
Here, we note that EoA in Eq. (11) is clearly a mathematical dual to EoF in Eq. (8) because one is the maximum average entanglement over all possible pure state decompositions whereas the other takes the minimum. Moreover, by introducing a third party C that has the purification of ρ AB , E a (ρ AB ) can also be considered as the maximum achievable entanglement between A and B assisted by C [13] . (This is the reason why it is called the assistance.) In other words, E a (ρ AB ) is the maximal entanglement that can be distributed between A and B assisted by the environment C; therefore, EoA is also physically dual to the concept of formation.
Similar to the duality between EoF and EoA, we define UEoA of ρ AB as the maximum average entanglement
over all possible pure state decompositions of ρ AB . Due to the continuity of unified entropy with respect to q and s, we have
where E a (ρ AB ) is the EoA of ρ AB in Eq. (11) . When q tends to 1 UEoA reduces to TEoA [8] ,
where
B. Analytic Evaluation
For a bipartite pure state |ψ AB , its concurrence [6] ,
where ρ A = tr B (|ψ AB ψ|). For a mixed state ρ AB , its concurrence is
where the minimum is taken over all possible pure state decompositions,
For a two-qubit pure state |ψ AB with Schmidt decomposition (16) can be rewritten as
Here we note that
therefore unified-(q, s) entanglement of a two-qubit pure state |ψ AB reduces to the concurrence when q = 1/2 and s = 2. Consequently, we have
for a two-qubit mixed state ρ AB because both concurrence and unified-(q, s) entanglement of bipartite mixed states are defined by the minimum average entanglement over all possible pure-state decompositions of ρ AB . In two-qubit systems, concurrence has an analytic formula [6] ; for a two-qubit state ρ AB ,
where λ i 's are the eigenvalues, in decreasing order, of √ ρ ABρAB √ ρ AB andρ AB = σ y ⊗ σ y ρ * AB σ y ⊗ σ y with the Pauli operator σ y . Moreover, concurrence in twoqubit systems is related with EoF by a monotonically increasing, convex function,
with the binary entropy function
. This function relation between concurrence and EoF is also true for any bipartite pure state with Schmidt-rank 2. In other words, the analytic formula of concurrence in Eq. (22) together with the functional relation in Eq. (23) lead to an analytic formula of EoF in two-qubit systems.
Recently, it was shown that concurrence also has a functional relation with unified-(q,s) entanglement in two-qubit systems [9] ; for any two-qubit mixed state ρ AB (as well as any bipartite pure state with Schmidt-rank 2),
for q ≥ 1, 0 ≤ s ≤ 1 and qs ≤ 3 where
on 0 ≤ x ≤ 1. This functional relation in Eq. (25) was established by showing the monotonicity and convexity of f q,s (x) for q ≥ 1, 0 ≤ s ≤ 1 and qs ≤ 3. f q,s (x) reduces to E(x) in Eq. (24) as q tends to 1. Here, we note that f q,s (x) in Eq. (26) also relates UEoA with CoA in two-qubit systems.
where E a q,s (ρ AB ) and C a (ρ AB ) are UEoA and CoA of ρ AB respectively.
then we have
where the first inequality is due to the convexity of f q,s for the range of q ≥ 1, 0 ≤ s ≤ 1 and qs ≤ 3, the second equality is the functional relation of UEoA and concurrence for two-qubit pure states, and the last inequality is by the definition of UEoA.
Thus, together with the analytic formula of two-qubit concurrence in Eq. (22), Lemma 1 provides an analytic lowerbound of UEoA for two-qubit systems.
III. MULTI-QUBIT POLYGAMY INEQUALITY OF ENTANGLEMENT
Using the square of concurrence (sometimes, referred to as tangle) to quantify bipartite entanglement, monogamy of multi-qubit entanglement was mathematically characterized as an inequality [1, 2] ; for an n-qubit pure state |ψ A1A2···An ,
where C A1(A2···An) = C(|ψ A1(A2···An) ) is the concurrence of |ψ A1A2···An with respect to the bipartite cut between A 1 and the others, and C A1Ai = C(ρ A1Ai ) is the concurrence of the reduced density matrix ρ A1Ai for i = 2, . . . , n. This monogamous property of multiqubit entanglement was also established in terms of various entanglement measures using Rényi and Tsallis entropies [7, 8] , and these classes of monogamy inequalities were recently generalized as a generic two-parameter class in terms of unified-(q, s) entanglement [9] . Whereas monogamy of multipartite entanglement reveals the restricted shareability of multi-party entanglement in terms of entanglement measures, entanglement of assistance, the dual concept of entanglement measures, was also shown to have a dually monogamous (that is, polygamous) relation in multi-party quantum systems; for a multi-qubit pure state |ψ A1···An , we have the following polygamy inequality,
where C a A1Ai is the CoA of the reduced density matrix ρ A1Ai for i = 2, . . . , n.
In other words, the bipartite entanglement between A 1 and A 2 · · · A n is an upper bound for the sum of two-qubit entanglement between A 1 and each of A ′ i s in monogamy inequalities. Moreover, the same quantity also plays as a lowerbound for the sum of two-qubit distributed entanglement in the polygamy inequality. For three-party pure states, a polygamy inequality of entanglement was also introduced by using EoA [13] , and a class of polygamy inequalities for multi-qubit mixed states was also introduced using TEoA [8] .
Here we establish a unified view of this polygamous property of multi-qubit entanglement by introducing a two-parameter class of polygamy inequalities in terms of UEoA. Before we provide the class of polygamy inequalities, we first prove an important property of the function f q,s (x) in Eq. (26).
for 0 ≤ x, y, x 2 + y 2 ≤ 1.
Proof. In fact, Inequality (32) was already shown when q = 1 or q = 2 (consequently s = 1) [8, 13] so we prove the lemma for the case of 1 < q < 2. The proof method follows the construction used in [9] . For 1 < q < 2 and −q 2 + 4q − 3 ≤ s ≤ 1, let us define a two-variable function h q (x, y),
on the domain D = {(x, y)|0 ≤ x, y, x 2 + y 2 ≤ 1}, then Inequality (32) is equivalent to show that h q,s (x, y) ≤ 0 for the range of q and s.
Because h q,s (x, y) is continuous on the domain D and differentiable in the interiorD, its maximum or minimum values can arise only at the critical points or on the boundary of D. The gradient of h q,s (x, y) is
where the first-order partial derivatives are
with Θ(t) = 1
Suppose that there exists (x 0 , y 0 ) ∈D such that ∇h q,s (x 0 , y 0 ) = (0, 0), then Eq. (35) implies
where n q,s (t) is a differentiable function
on 0 < t < 1.
We first show that n q,s (t) is a strictly increasing function and thus Eq. (36) implies x 0 = y 0 . This is also enough to show that dn q,s (t)/dt > 0 for 0 < t < 1 because n q,s (t) is differentiable with respect to t. The first-order derivative of n q,s (t) is
with Ω = qs (Θ(t)
For 1 < q < 2 and −q 2 + 4q − 3 ≤ s ≤ 1, we have
Due to the relation Θ(t) − Ξ(t) = 2 √ 1 − t 2 , we have
and the binomial series of Θ(t)
for real α. Furthermore, using the relations Θ(t)+Ξ(t) = 2 and Θ(t)Ξ(t) = t 2 , it is also straightforward to verify that
Thus, together with Eqs. (40), (41) and (42), Inequality (39) yields
The last term of the inequality is strictly positive for 1 < q < 2 and 0 < t < 1, therefore n q,s (t) is a strictly increasing function for 1 < q < 2 and −q 2 + 4q − 3 ≤ s ≤ 1. In other words, Eq. (36) implies x 0 = y 0 . However, from Eq. (35), ∇h q,s (x 0 , x 0 ) = (0, 0) also implies that n q,s (x 0 ) = n q,s ( √ 2x 0 ) for some x 0 ∈ (0, 1), which contradicts the strict monotonicity of n q,s (t). Thus h q,s (x, y) does not have any vanishing gradient inD for 1 < q < 2 and −q 2 + 4q − 3 ≤ s ≤ 1.
Now let us consider the function value of h q,s (x, y) on the boundary of D, that is, either x = 0 or y = 0 or x 2 +y 2 = 1. If x = 0 or y = 0 , then clearly h q,s (x, y) = 0. Suppose x 2 + y 2 = 1 with x = 0 and y = 0. Then h q,s (x, y) becomes a single-variable function,
for 0 < x < 1.
Because (q−1)s2 qs > 0 for 1 < q < 2 and −q 2 +4q−3 ≤ s ≤ 1, the sign of the function l q,s (x) is same with that of the following differentiable function If we consider the derivative of m q,s (x),
we note that x = 1/ √ 2 is the only critical point of m q,s (x) on 0 < x < 1. Furthermore, it is also straightforward to verify that m q,s 1/ √ 2 ≤ 0 for 1 < q < 2 and −q 2 + 4q − 3 ≤ s ≤ 1, which is illustrated in Figure 1 . Because m q,s (0) = m q,s (1) = 0 and m q,s 1/ √ 2 ≤ 0 where x = 1/ √ 2 is the only critical point of m q,s (x), m q,s (x) ≤ 0 through out the whole range of 0 ≤ x ≤ 1. In other words, h q,s (x, y) ≤ 0 for 1 < q < 2 and −q 2 + 4q − 3 ≤ s ≤ 1, which complete the proof. Now, we are ready to have the following theorem about the polygamy of multi-qubit entanglement using unified-(q, s) entropy.
where E q,s ρ A1(A2···An) is the unified-(q, s) entanglement of ρ A1A2···An with respect to the bipartition between A 1 and A 2 · · · A n , and E a q,s (ρ A1Ai ) is the UEoA of the reduced density matrix ρ A1Ai for i = 2, · · · , n.
Proof. We first prove the theorem for a n-qubit pure states, and generalize the proof into mixed states. For a n-qubit pure state |ψ A1(A2···An) , let us first assume that
where the first inequality is due to the monotonicity of the function f q,s (x), the second and third inequalities are obtained by iterative use of Lemma 2, and the last inequality is by Lemma 1. Now, let us assume that
is an increasing function [9] , we have
for any multi-qubit pure state |ψ A1(A2···An) . Thus it is enough to show that
By letting
we have
where the first inequality is by using Lemma 2 with respect to (C
, and the last inequality is by Lemma 1. Now let us consider multi-qubit mixed states. For a n-qubit mixed state ρ A1A2···An , let ρ A1(A2···An) = j p j |ψ j A1(A2···An) ψ j | be an optimal decomposition for UEoA such that
Because each |ψ j A1(A2···An) in the decomposition is an n-qubit pure state, we have
(54) where ρ j A1Ai is the reduced density matrix of |ψ j A1···An onto two-qubit subsystem A 1 A i for each i = 2, · · · , n. From Eq. (53) together with Inequality (54), we have
where the last inequality is by definition of UEoA for each ρ A1Ai .
We note that Inequality (47) is reduced to Tsallis-q monogamy inequality [8] 
as s tends to 1, and it also reduces to the multi-qubit polygamy inequality in terms of EoA [13] as q tends to 1. For q = 2 and s = 1, unified-(q, s) entanglement coincides with the squared concurrence for two-qubit pure states; for a bipartite pure state |ψ AB with Schmidt-rank 2,
For this relation, it is also straightforward to verify that Inequality (47) reduces to Inequality (31) as q → 2 and s → 1. Thus, Theorem 1 provides an interpolation among EoA, TEoA and CoA polygamy inequalities of multi-qubit entanglement, which is illustrated in Figure 2 . We further note that the continuity of unified-(q, s) entropy also guarantees multi-qubit polygamy inequality in terms of UEoA when q and s are slightly outside of the proposed domain in Figure 2 . In three-qubit systems, Inequality (47) in Theorem 1 can be improved into a tighter form. A direct observation from [1] shows
for a 3-qubit pure state |ψ ABC where C AB and C a AC are the concurrence and CoA of ρ AB and ρ AC respectively.
From Eq. (58) together with Lemma 2, we have the following tighter polygamy inequality of three-qubit entanglement.
Theorem 2. For 1 ≤ q ≤ 2, −q 2 + 4q − 3 ≤ s ≤ 1 and any three-qubit pure state |ψ ABC , we have E q,s |ψ A(BC) ≤ E q,s (ρ AB ) + E a q,s (ρ AC )
where E q,s |ψ A(BC) is the unified-(q, s) entanglement of |ψ ABC with respect to the bipartition between A and BC, E q,s (ρ AB ) is the unified-(q, s) entanglement of ρ AB and E a q,s (ρ AC ) is the UEoA of ρ AC .
Proof. Because |ψ ABC is a bipartite pure state between A and BC with Schmidt-rank less than or equal to two, we have E q,s ψ A(BC) = f q,s C A(BC) .
Thus,
where the first inequality is by Lemma 2, and the second inequality is by Lemma 1.
IV. CONCLUSION
Using unified-(q, s) entropy, we have provided a twoparameter generalization of EoA, namely UEoA with an analytical lowerbound in two-qubit systems for q ≥ 1, 0 ≤ s ≤ 1 and qs ≤ 3. Based on this unified formalism of EoA, we have established a broad class of multi-qubit polygamy inequalities in terms of unified-(q, s) entanglement for 1 ≤ q ≤ 2, −q 2 + 4q − 3 ≤ s ≤ 1. We have also shown a tighter polygamy inequality for the case of three-qubit pure states.
The class of polygamy inequalities we provided here encapsulates every known case of multi-qubit polygamy inequality in terms of EoA, CoA or TEoA as special cases, as well as their explicit relation with respect to a differential function f q,s (x). Thus our result provides a useful methodology to understand the restricted distribution of entanglement in multi-party quantum systems.
